Let p = p(nx, n2 , n3) denote the prime ideal in the formal power series ring A = k [[X, Y, Z]] over a field k defining the space monomial curve X = T"\ , Y = T"2, and Z = Tni with GCD(«,, n2, n3) = 1 . Then the symbolic Rees algebra Rs(p) = ©n>oP(n) f°r P = P(«2 + 2n + 2, n2 + 2n + 1, n2 + n + 1) is Noetherian but not Cohen-Macaulay if chk = p > 0 and n = pe with e > 1 . The same is true for p = p(n2, n2 + 1, n2 + n + 1) if ch k = p > 0 and n = pe > 3 .
INTRODUCTION
Let A be a regular local ring of dim ,4 = 3 and p a prime ideal of A with dim^/p = 1. Let Rs(p) = Z)n>oP(")?" De tne symbolic Rees algebra of p (here / denotes an indeterminate over A). In this situation Goto, Nishida, and Shimoda [2] investigated the conditions under which the symbolic Rees algebra Rs(p) is a Gorenstein ring. They gave a criterion for the case in terms of the elements / and g of p in Huneke's condition [5] of Rs(p) being Noetherian and showed that ^(p) are necessarily Gorenstein for a certain class of prime ideals p (cf. §2).
The problem when Rs(p) is Noetherian was raised by Cowsik [1] and is more fundamental. However there is an example p due to Roberts [7] (passing to Nagata's counterexamples [6] to the 14th problem of Hubert) whose symbolic Rees algebra Rs(p) is not Noetherian, while Cowsik's problem is still open for the general prime ideals p = p(«i, n2, nf) in the formal power series ring A = k[[X, Y, Z]] over a field k defining space monomial curves X = T"< , Y = T"', and Z -T"' with GCD(«!, n2, n3) = 1.
Throughout the research [2] of Goto, Nishida, and Shimoda they seemed to follow a natural conjecture that Rs(p) has to be a Gorenstein ring once it is Noetherian for the space monomial curves p = p(«i, n2, «3). We note here that Rs(p) is Gorenstein if it is Cohen-Macaulay (cf. [9, (3.4) ]). Therefore the above conjecture is equivalent to saying that Rs(p) is always Cohen-Macaulay if it is Noetherian. Nevertheless this is not true in general, as we claim in the following Theorem 1.1. Let p be a prime number and n = pe with e > 1. Then Rs(p) is Noetherian but not Cohen-Macaulay for p = p(n2+2n+2, n2+2n+l, n2+n + l) if ch k = p.
If we choose n = p = 2 in Theorem 1.1, then we have p = p(10, 9,7), which was already cited in [2, (5.1)] too, while Vasconcelos [10, 4.1.4] gave the defining equations of Rs(p) for p = p(10, 9, 7) claiming its Gorensteinness. The disparity between the authors and Vasconcelos is caused by his implicit assumption that ch k = 0 and quite interesting: the Gorensteinness of symbolic Rees algebras depends on the characteristic of the ground field.
Similarly as Theorem 1.1 we can prove that Rs(p) is Noetherian but not Cohen-Macaulay for p = p(n2, n2 + 1, n2 + n + 1) if chk = p > 0 and if n = pe > 3 (cf. §3). If we take n = p = 3, then p = p(9, 10, 13). The symbolic Rees algebra Rs(p) for p = p(9, 10, 13) remains non-Cohen-Macaulay when chk = 2 (and when chk = 7, too), which we will prove in the last section (cf. In terms of the elements / and g the criterion of Goto, Nishida, and Shimoda is stated as follows, by which they showed Rs(p(m, m + I, m + 3)) to be a Gorenstein ring for any m > 1 . Theorem 2.2 [2] . Let f and g be as in Proposition 2.1. Then the following two conditions are equivalent.
(1) Rs(p) is a Gorenstein ring.
(2) A/(f, g) + p(n) are Cohen-Macaulay for all 1 < n < k + I -2.
When this is the case, the A-algebra Rs(p) is generated by {p^tn}x<n<k+i-2, ftk, and gtl, andtherings A/(f) + p("f A/(g) + p(-nf and A/(f, g) + p{n) are Cohen-Macaulay for all n > 1.
Our proof of Theorem 1.1 consists of two steps. The first step is to find elements / £ p and g £ p<"+1) satisfying Huneke's condition Proposition 2.1. The second one is to check that A/(f) + p(2) cannot be a Cohen-Macaulay ring for that choice of /. Then Theorem 2.2 will guarantee the assertion of Theorem 1.1. However for a large class of prime ideals p the ring A/(f) + p (2) is always non-Cohen-Macaulay for any f £ p\p (2) , and it will make the second step obvious. So in what follows let us give a brief proof of this fact.
We now assume that the ideal p is generated by the maximal minors of the + c2Zy'~y) = Yß{a2Xa-a' -Yß'-ßbc) so that Yßd2 = -abXa~a' +c2Zy'-y for some d2 £ p<2'. As d2 = Yß+2ß'Zy'-ymodiX), we get the equality {x, d2) + p2 = ix, Y2(ß+ß'), Yß+2ß'zy'-y, Y2ß+ß'zy', yß+ß'zy+y', Y2ßz2yl Yßzy+2y', z2{7+y'), which yields by an elementary computation that lA{A/(X, df) + p2) = 3ißy + ßy' + ß'y').
On the other hand, as I is a parameter for the Cohen-Macaulay local rinĝ /p(2), the length lA{A/{X) + p (2)) is equal to the multiplicity eXAÍA/p(2)) of ,4/p(2) relative to X. Therefore because iA{A/ix) + p) = iA{A/{x, Yß+ß', Y^zy', zy+y')), = ßy + ßy' + ß'y', we get by the additive formula [8, p. 126] of multiplicity that UA/iX) + p<2>) = lAf iAp/p2Ap). UA/iX) + p) = 3ißy + ßy' + ß'y').
Hence lAiA/iX) + p&) = lA{A/{X, d2) + p2) so that (X) + p<2> = (X, df) + p2. Thus p(2) = {df) + p2 + X • p(2) and therefore Nakayama's lemma recovers the first assertion of the following lemma. As pA{{X, df) + p2) = 8 and as Va{P{2)) = Va{{X) + p(2)/{X)) , the second assertion follows from the first. (Here Pa{*) denotes the number of generators.) Lemma 2.3 [4] . p<2> = {df) + p2 and pA(p{2)) = 7.
The key we need to prove Theorem 1.1 is the following As bl0 + d3d1Z = 0 mod(X), we have Xdxo = bx0 + d3d-,Z with dxo £ p(10).
Notice that b = YZ2, ¿3 = T10 + XZ1, and d7 = Z19 + XY3Z16 mod(*2) and we get 
